Abstract. Boolean sum interpolation theory is used to derive a polynomial interpolant which interpolates a function F E. Cr^(T), and its derivatives of order N and less, on the boundary 37* of a triangle T. A triangle with one curved side is also considered.
1. Introduction. Boolean sum interpolation theory** was first used on triangles by Barnhill, Birkhoff, and Gordon [1] to derive rational functions interpolating the boundary data. The general theory of Boolean sum interpolation is briefly discussed in this paper and a polynomial Boolean sum interpolant is presented, which, for any positive integer TV, interpolates a function F G CN(f), and its derivatives of order TV and less, on the boundary dT of a triangle T. The case TV = 0 corresponds to an interpolant constructed by other means by Nielson [6] . The interpolant requires that certain derivatives of F be compatible at the vertices of T, but these conditions can be removed by adding suitable rational terms. The theory is generalized for a triangle with one curved side.
The interpolant can be used to define a piecewise function which is CN(Sl) over a triangular subdivision of a polygonal region Í2. This has applications to computer aided geometric design and finite element analysis. Finite dimensional, piecewise defined, C^(Í2) interpolants can be derived by taking the boundary data to be functions interpolating discrete data along the sides. Alternatively, the blending function can be incorporated with finite elements so as to match exactly a given boundary function on Í2; see, for example, Marshall and Mitchell [5] , who interpolate over a polygonal region Í2.
The general theory of interpolation to boundary data for a triangle with one curved side, presented in Section 5, permits essential boundary conditions to be satisfied exactly.
2. Boolean Sum Interpolation Theory. This section considers conditions which are sufficient for the application of Boolean sum interpolation theory. These conditions motivate the formulation of the projectors considered in Section 3. The interpolation of the function F is first discussed, and this is then generalized to the interpolation of the function F and its derivatives. Theorem 2.1. Let Yx and Y2 be two subsets of R", and let F be a function defined on rx U T2. Let Px and P2 be two interpolation projectors such that P¡F = F on T¡, and P¡F is defined on Tx U T2, / = 1, 2. 77ien the Boolean sum function, (Pi © P2)F = (A +P2-P1P2)F, (i) interpolates F on Vx, (ii) interpolates F on F2 -Tx if PXFon T2 -Tx is a linear combination of function evaluations on T2.
Proof, (i) Since I -Px is null on Yx, where I is the identity operator, it follows that F-(PX ®P2)F=(I-PX)(I-P2)F is zero on Vx.
(ii) Also, since (7 -P2)F = 0 on T2, Precision. The precision set is the set of polynomials for which the interpolant is exact and is important in that it indicates the order of accuracy of the interpolant. The precision set of the Boolean sum operator Px © P2 is at least that of P2 since 7-(P, ©P2) = 7-P2-P,(7-P2) and I -P2 is null on the precision set of P2. Thus the Boolean sum operator Px © P2 has at least the interpolation properties of the projector Px and the precision set of the projector P2. where a,--, ßt -, and Yfj are the appropriate cardinal functions, be the polynomial interpolant over the 3(TV + l)2 dimensional set of polynomials which are of degree 2TV + 1 along parallels to the three sides of T. The case TV = 1 is the tricubic polynomial interpolant of Birkhoff [3] and, for general TV, the existence of this interpolant is implied by Lemma 4.1 of Barnhill and Mansfield [2] . Similarly on x = 0 we require that (3.14) jbx 9j>J 97"/ 'U \9.y"L9x «2, « < TV; m + n > TV. (Pj + P2 -PXP2)F, where Px is defined by (3.12) and P2 is defined by (3.2), interpolates F and its derivatives of order N and less on the boundary dT of the triangle T. The precision set of the interpolant is that of the projector P2; see (3.4) .
Examples, (i) For TV = 0, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) a00(x,y)=y and ß00(x,y) = x, giving the linear case (35).
(ii) For TV = 1,
and (3 17) ß0t0 ( where T3(F -P2F) is a rational compatibility correction term. We consider now the modified Boolean sum interpolant,
where Px is defined by (3.12) . This interpolant requires the compatibility conditions (3.15) at the vertices Vx = (0, 1) and V2 = (1,0). Then F -(Px © P2)F has compatible derivatives at the vertex V3 = (0, 0) and can thus be interpolated by either of the rational Boolean sum operators Tx © P2 or P2 © Tx. Thus or alternatively an average of these two can be considered.
The Boolean sum function (Px © P2)F, where P2 is defined by (3.2) , gives a blending function interpolant on the curved triangle.
Examples. For the case TV = 0, (5.1), (5.2), (5.3) and (3.16) give the projector, P,F = yF(x, f(x)) + [1 -f(x)]F(g(y), y). 
